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CONCENTRATION AND NON-CONCENTRATION FOR THE 
SCHRODINGER EVOLUTION ON ZOLL MANIFOLDS 

FABRICIO MACIA AND GABRIEL RIVIERE 


Abstract. We study the long time dynamics of the Schrodinger equation on Zoll mani¬ 
folds. We establish criteria under which the solutions of the Schrodinger equation can or 
cannot concentrate on a given closed geodesic. As an application, we derive some results 
on the set of semiclassical measures for eigenfunctions of Schrodinger operators: we prove 
that adding a potential to the Laplacian on the sphere results on the the existence of 
geodesics 7 such that 5^ cannot be obtain as a semiclassical measure for some sequence 
of eigenfunctions. We also show that the same phenomenon occurs for the free Laplacian 
on certain Zoll surfaces. 


1. Introduction 

In this article we are interested in understanding the dynamics of Schrodinger equations 
and the structure of eigenfunctions of Schrodinger operators on Zoll manifolds. Recall that 
a Zoll manifold is a smooth, connected, compact, Riemannian manifold without boundary 
{M,g) such that all its geodesics are closed. This means that, for every x in M, all the 
geodesics issued from x come back to x. Thanks to Theorem of Wadsley (see [4] - section 
7.B), the geodesic flow (p^ acting on the unit cotangent bundle S*M of such a manifold is 
periodic, meaning that all its trajectories have a minimal common period I > oE Using the 
terminology of |1] - chapter 7, we will say that the metric g is a P;-metric, or that (M, g) 
is a P;-manifold. Similarly, in the case where all the geodesics have the same length I, we 
will say that 5 ^ is a Uz-metric or that (M, g) is a Urmanifold. The main examples of Ci- 
manifolds are the compact rank one symmetric spaces (that we will sometimes abbreviate 
by CROSS) and certain surfaces of revolution - see chapters 3 and 4 in [1]. It is also 
known that the set of Uz-metrics on that can be obtained as smooth deformations of 
the canonical metric is inhnite dimensional and contains many metrics that are not of 
revolution. The characterization of such deformations is a remarkable result by Guillemin 

E2]. 
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Our goal here is to understand the long time dynamics of the following Schrodinger 
equation: 

( 1 ) idtv{t,x) = (^~Ag + V{x)^ v\t=o = u e 

or the behavior of eigenfunctions: 

(2) ^ ^^ ^^u(x), I|m||z,2(m) = 1, 

in the high-frequency limit A —)■ cxd. As usual, Ag is the Laplace Beltrami operator induced 
by the Riemannian metric g on M, and we shall assume that V is in M). 

The study of the spectral properties of the operator —^Ag -|- R in this geometric context 
is a problem which has a long history in microlocal analysis starting with the works of 
Duistermaat-Guillemin [I1I231E1], Weinstein |5T] and Cohn de Verdiere |9]. Many other 
important results on the hne structure of the spectrum of Zoll manifolds were obtained both 
in the microlocal framework [25l HTJ SHI |53l |5l] , and in the semiclassical setting [H |28l |26] 
- see also [301 El] in the nonselfadjoint setting. 

In this this article we use similar techniques to those that were originally developed in 
order to study of the spectrum of Schrodinger operators to actually provide some results on 
the long-time dynamics of the Schrodinger evolution ([T]) and the structure of high-frequency 
eigenfunctions ([ 2 |). 


1.1. Concentration and non-concentration of eigenfunctions. Let us start by de¬ 
scribing our results in the context of eigenfunctions of Schrodinger operators, as they are 
somewhat simpler to state. We are mainly interested in analyzing how the mass \u\^ of 
a high-frequency eigenfunction satisfying ([2|) distributes over M. More precisely, consider 
the set M{oo) of probability measures in M that are obtained as follows. A probability 
measure u belongs to A/'(cxo) provided there exist a sequence of eigenfunctions («„) : 

T A^Ujj, | 1, 

with eigenvalues satisfying —)■ oo such that 

lim / a{x)\un\‘^{x)dvo\g{x) = / a{x)iy{dx), for every a G C(M). 

J M J M 

Measures in M{oo) therefore describe the asymptotic mass distribution sequences of eigen¬ 
functions {un) whose corresponding eigenvalues tend to inhnity. The problem of charac¬ 
terizing the probability measures in A/'(oo) has attracted a lot of attention in the last forty 
years. 

In the case of Zoll manifolds, it is well known that A/'(cxo) is contained in Mg which is, 
by dehnition, the closed convex hull (with respect to the weak-A topology) of the set of 
probability measures 5^, where 7 is a geodesic of {M,g). Recall that 



a{x)6^{dx) 


1 

1 



a{'j{s))ds, 
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where I denotes the length of 7 and the parametrization 7 ( 5 ) has unit speed. 

In the case of endowed with its canonical metric, it was proved that a “generic” 
orthonormal basis of eigenfunctions satisfies the quantum unique ergodicity property m 
09]. In particular, in this case, the normalized Riemannian volume is the only accumulation 
point of the sequence of eigenfunctions under consideration. Note that quantum ergodicity 
properties were also proved recently for sequences of eigenfunctions on satisfying certain 
symmetry assumptions [MHZ]. Yet, there are in fact some situations for which one has 

J\f{00) = Afg, 

which is in a certain sense the opposite situation to quantum ergodicity. Jakobson and 
Zelditch proved in |32] that this holds when (M, g) is the sphere equipped with its 
canonical metric g = can and the potential V vanishes identically. This was also shown to 
hold for general Compact Rank-One Symmetric Spaces (see [31]) and for any manifold of 
positive constant curvature (see [3] - this analysis relies on the study of eigenfunctions of 
the canonical Laplacian on the sphere that are invariant by certain groups of isometries); 
in both cases one has to assume that R = 0. To the authors’ knowledge, the question of 
whether this is always the case when the potential V does not vanish identically or when 
{M,g) is a Zoll manifold that is not isometric to a CROSS remains open. 

Here we answer these questions by the negative. It turns out that these regimes are some¬ 
what intermediate between the quantum ergodicity results and the results on a CROSS. 
Let us first introduce some notations. Denote by T*M the cotangent bundle of M with 
the zero section removed. The Radon transform of V is defined as 

(3) Voir oip^{x,0dT, 

Above, TT : T*M —)■ M stands for the canonical projection, gf is the geodesic flow of (M, g) 
acting on the cotangent bundle, and I is the minimal common period of the trajectories of 
Clearly, Tg{V) G C°°{T*M) is zero-homogeneous with respect to the variable f. 
We shall consider the projection onto M of the set of critical points of the Radon transform 
of R: 

C(R) = {xeM : d(^^^)Xg{y) = 0 for some ^ G TfM \ {0}}. 

The set C(R) is a union of geodesics of {M,g) and if the critical points of XgiV) are non 
degenerate in an appropriate sense, C(R) consists in a finite number of geodesics (see 
Section 0]). Note in particular that if d(x,^)Xg(y) = 0, then the geodesic issued from (t, ^) 
is included in C(R). As an application of Theorem 11.91 below, one has 

Theorem 1.1. Suppose that {M,g) is a Compact Rank-One Symmetric Space and that 
C{y) 7 ^ M. Then there exist infinitely many geodesics 7 of {M,g) such that vipf) = 0 for 
every v G AA(oo). In particular, 6^ ^ J\f{oo), and 

AA(OO) 7 ^ Afg. 

When d = 2 and M is orientable, we are able to obtain a more precise result. 
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Theorem 1.2. Suppose that {M,g) = (§^,can). Then every v G M{po) can be written as: 

V = f Volg +Z/sing, 

where f G and z/^ing is a nonnegative measure supported on C(y). When C{V) 

consists in a finite number of geodesics 71 , ... 7 „ then one has: 

n 

U = fYOlg + j^^Ap 

i=i 

for some Cj >0. 

Remark 1.3. Note that the condition on C{V) in Theorems 11.11 and 11.21 is non-empty as 
soon as the Radon transforms l-giV) is not constant, which is the case generically if, for 
instance, (M, g) is the 2-sphere endowed with its canonical metric - see e.g. appendix A 
of [ 22 ] . 

Our third result on eigenfunctions deals with Zoll surfaces that are not isometric to 
(§^, can). Recall from chapter 4 in [1] that the C' 27 r-metrics of revolution on are precisely 
those that can be written in spherical coordinates as: 

= (1 + cr(cos 6)Yd9‘^ -I- sin^ Odcffi, 

where a is a smooth odd function on [— 1 , 1 ] satisfying cr(l) = 0 ; such surfaces are also called 
Tannery surfaces. Combining our methods to some earlier results by Zelditch [531 El] , one 
can prove the following result for C' 27 r-surfaces of revolution on 

Theorem 1.4. Let g„ be a C 2 -K-'fne.tric on such that cr'(O) 7 ^ 0. Then there exist infinitely 
many geodesics 7 of such that z/( 7 ) = 0 for every v in Mfixf). In particular, 

6^ ^ Af{oo), and 

M{oo) 7 ^ Mg^. 

The proof of this result will be given in paragraph 13.41 Theorems 11.11 and 11.21 will 
also be proved in Section [31 they are obtained as a consequence of our analysis of the 
time-dependent Schrodinger equation. 

1.2. Long-time dynamics for the semiclassical Schrodinger equation. Our analysis 
of the time-dependent Schrodinger evolution hts in a natural way in the semiclassical 
framework. There will be three scales involved: the characteristic scale of oscillation of 
the solution h, the size of the perturbation and the time-scale r. Our goal is to describe 
how these three scales affect the dynamics of the Schrodinger equation. 

We shall assume that h G (0,1], and dehne the semiclassical the Schrodinger operator: 

(4) a(ft) := + 4v, 

where, as before, V belongs to We shall be interested in the regime in which 

the strength e := (e;i)o<ft<i of the perturbation satishes 

Cfi —^ 0 as h, —^ 0 ^. 









CONCENTRATION AND NON-CONCENTRATION ON ZOLL MANIFOLDS 


5 


The corresponding semiclassical Schrodinger eqnation is: 

(5) ihdtvn = Pe{K}vn, vn\t=o = un e 

We assnme that the sequence of initial data {ufi)h>o is normalized in and satisfies 

the following oscillation properties: 

(6) limsup ||l[ij,oo) M;i|| 2 — >0, as R —cx), 

h^o ^ ’ 

and 

(7) limsup ||l[o, 5 ] (-h^Ag) ^ 0, as 6 —^ 0+. 

h-^o ' ' 

Remark 1.5. Note that any normalized sequence {un)neN sahshes (|6]) for some this is 
also the case with ([7]), provided (m„) weakly converges to zero (the sequence (h.„) here may 
be different from the one in ([6])). Yet, in general, it is possible to construct normalized 
sequences (m„) such that (E]), (I7j) never hold simultaneously (see HE]). Note also that any 
sequence of normalized eigenfunctions of — |Ag + V satisfies (E]), ([7]) with hn = where 
is the corresponding eigenvalue. 


We are interested in understanding the dynamics of the sequence of solutions (n;*) at 
time scales r := (r;j)o<;i<i where 

lim Tn = + 00 . 
h^o+ 

More precisely, the main object in our study is the sequence of time-scaled position densi¬ 
ties: 




(x). 


vn : {t,x) I—)■ \vn{Tnt,x)\^ = 

The sequence is bounded in V'{R x M) and satisfies: 

\{^h,b)v'xc°°\ < [ WKir)\\L°-{M)dt, for every 6 G C~(M x M). 


Therefore, every accumulation point of the sequence {un) is an element in L°°{M.,V{M)), 
where V{M) denotes the set of probability measures on M. We shall denote by A/'(r, e) the 
set of such accumulation points obtained as the sequence of initial data {un) varies among 
normalized sequences satisfying ([6]) and ([7]). 

Our goal is to understand the structure of the elements in A/'(r, e), in particular how 
this set depends on r and e as well as on the geometry of the manifold and the form of the 
potential. Again any element z/(f) in A/'(r, e) satishes z/(f) G Afg for a.e. t in M. 


Remark 1.6. When = h and Tn, = h one has 


Therefore this particular scaling corresponds to studying solutions to the non-semiclassical 
Schrodinger equation ([T]). 
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Remark 1.7. If m is an eigenfunction of the operator ([2]) then, by the previous remark, 
This implies that A/'(oo) C A/'(r, h) for any time scale r. 

Remark 1.8. Most of our analysis can be extended to perturbations of the form 
where Qf^ is a selfadjoint operator in T°’°(M). Taking Qn = V makes the exposition 
slightly simpler as we can use homogeneity properties of V. 

The set A/'(r, e) was characterized in [38] in the case of short times (r^ <C and small 
perturbations {en < h) in the same geometric setting as in this article. It turns out that in 
that case, the elements in A/'(r, e) do not depend in t and one has 

Rf{T, e)=Rfg, 

that is, A/'(r, e) gets in some sense as big as it can be. 

In the context of negatively curved surfaces, some equidistribution properties of the 
elements of A/'(r, e) were obtained for strong enough perturbations [161 SI] • 

This problem has also been studied in great detail for the case M = endowed with 
its natural metric. The articles BEI describe this set in the case of small perturbations 
whereas the case of stronger perturbations will be studied in more detail in [39] . 
In particular, in [H |2] it is shown that when (M, g) = (T*^, can) and eji = h, the time 
scale Tfi = is critical for this problem. When Tfi the set A/'(r, e) contains 

measures that are singular with respect to Lebesgue measure (in particular, it contains all 
5^ corresponding to closed geodesics); whereas if tji > h~^ then consists only of 

measures that are absolutely continuous with respect to the Lebesgue measure. Moreover, 
when T/i = h~^ a precise description of the dependence on t of those mesures is given. 

In this article we show that a similar phenomenon takes place for Zoll manifolds. It 
turns out that the critical time scale for this problem is t/j = in the case of strong 
perturbation (e/j > h) or Tn = for small perturbations {en -C h) : 

• Below the critical time-scale, one has A/'(r, e) = AAg, and we provide a formula to 
compute V from the sequence of initial data. 

• At the critical time-scale, measures in A/'(r, e) may depend in a non trivial way on 
t. We give an explicit propagation law that involves the Radon transform of the 
potential and the sequence of initial data. 

• Above the critical time-scale, the restriction of the measures in A/'(r, e) to the com¬ 
plement of the critical set CiV) has some additional regularity. When {M,g) = 
(S^,can), this restriction is in fact absolutely continuous with respect to the Rie- 
mannian measure. 

The precise statement of our results is given in Propositions 12.2112.31 and 12.41 they are 
formulated in terms of semiclassical measures and are presented in Section 12.21 In Section 
12.31 we apply these results to the study of the quantum Loschmidt echo. 

1.3. Some results on the structure of AA(r, e). Let us now present some direct conse¬ 
quences of our results. 
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Theorem 1.9. Suppose {M,g) is a Pi-manifold and that 

+ 00 . 

Suppose one the following condition holds: 

( 1 ) enh-'^ -)■ +oo; 

( 2 ) (M, g) is a compact rank one symmetric space. 

Then, for every v in A/'(r, e) and for every geodesic 70 that is not contained in C{V), one 
has: 

i/(t)( 7 o) = 0, for a.e. t G M. 

We note that for general Pi manifolds we are still able to obtain a similar result even 
if the condition en, h does not hold ~ see section [2] for more details. It is however 
more complicated to state as it involves the structure of a remainder term appearing in 
the natural decomposition of ^J—Ag on Zoll manifolds [91 [H]. In the case of a general 
Frmetric on M = an explicit expression of this term involving curvature terms and 
Jacobi helds was obtained by Zelditch in |53l |5l] (see Paragraph 13.41 for more details on 
this issue). 

This Theorem is a direct consequence of Propositions 12.21 and 12.31 and it will be proved 
in Paragraph 13.31 It tells us in particular that, for large enough times, solutions of the 
Schrodinger equation cannot be concentrated on closed geodesics corresponding to regular 
points of Xgiy). For instance, if one considers a sequence of coherent states that 

is microlocalized at a certain point p G T*M, then the corresponding solution will not be 
concentrated along the corresponding closed geodesic (for large enough times) provided 
that the geodesic consists of regular points. 

Theorem [13] admits the following reformulation in terms of quasimodes for the Schrodinger 
operator Pe{h): 

Corollary 1.10. Suppose the hypotheses of Theorem \1.9\ hold. Let {'iph)o<h<i be « normal¬ 
ized sequence in L‘^{M) satisfying 

= E{h)iJn + o{hel), 

with E{h) —)■ F 7 ^ 0 as h —)■ 0. Then, for every weak-i< accumulation point vq of the sequence 

■= \'iph?^o\g, 

and for every geodesic 70 that is not contained in CiV), one has 

Mlo) = 0 . 

We would like to stress the fact that we are not requiring en -C \/h for our results to hold. 
One often makes this assumption when studying the spectral properties of semiclassical 
operators with periodic bicharacteritics (see [HI [26] for instance) in order to to keep the 
nice cluster structure of the the spectrum of the operator —Ag, see [9]. 

For the 2-sphere endowed with its canonical metric g = can, we are able to be more 
precise regarding the regularity of the elements in A/'(r, e): 
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Theorem 1.11. Let V be a smooth function on (S^,can) such that CiV) consists in a 
finite number of geodesics 71 ,..., 7 ^. Suppose 

+00- 

Then, any v G A/'(r, e) is of the following form 

r 

•) = •) Volcan + Cj{t)6^., 

i=i 

where for a.e. t in R, fit, ■) G L^(Ef) and ci,... ,Cr are non-negative functions in L°°(R). 

Remark 1.12. This Theorem is a direct consequence of Proposition 12.31 and Corollary 14.41 

Remark 1.13. Recall that the space of geodesics on can be identihed with [1] (remark 
2.10) and that Xcan induces an isomorphism from o^^o |22]. Moreover, 

d^ca.niy) = 0 for any odd function on S^. In particular, for a generic choice of V, the 
assumption of the Theorem is satisfied. 

1.4. An application to spectral theory. We mention the following Proposition on the 
spectral properties of Re(h) which can also be obtained using the tools developed in the 
present article: 

Proposition 1.14. Suppose {M,g) is a Pi-manifold. Let Eq > 0 and let 0 < 26o < Eq. 
Let {Ej{h))J}f be the distinct eigenvalues of Pe{h) in the interval [Eq — 5q,Eq + ^o]- 
If C{y) ^ M, then there exists some constant Cq > 0 such that, for h > 0 small enough, 
one has 

So{h) := mi{\Ej{h) - Ekih)\ :l<j^k< N{h)} < Cohel, 
provided one of the following conditions holds: 

(1) enh~^ -)■ + 00 ; 

( 2 ) (M, g) is a compact rank-one symmetric space. 

The proof of this result will be given in Section [ 6 l We note that, thanks to the semiclassi- 
cal Weyl’s law [12], one knows that so{h) > 0. In the case where d = 2 and cn Vh 

(where N is some positive exponent related to the clustering of the unperturbed operator), 
a much stronger result was for instance obtained in [26]. In fact, it was proved in this 
reference that, near regular values of Xg{V), one can obtain an asymptotic expansion of 
the eigenvalues with a level spacing which is exactly of order Compared with this 
result, the above Proposition only provides a simple criterium for the existence of distinct 
eigenvalues which are asymptotically at distance less than h.e^. On the other hand, it is 
valid in any dimension and even for strong perturbation, meaning > \/h. 

Acknowledgments. Much of this work was done while the first author was visiting 
Laboratoire Paul Painleve at Universite de Lille 1 in October 2013 in the framework of 
the CEMPI program (ANR-ll-LABX-0007-01). He wishes to thank this institution for its 
warm hospitality and support. The authors thank San Vu Ngoc for useful discussions on 
integrable systems. 
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2. Main results: propagation of semiclassical measures 

We now describe our main results, that are formulated using the notion of semiclassical 
or Wigner measure. 

2.1. Semiclassical measures. In order to study the asymptotic properties of the solu¬ 
tions of (E]), we will make use of the so-called semiclassical measures [IT], or more precisely 
of their time dependent version [3H] - see also appendix [B] for a brief reminder. We now 
recall their construction. For a given t in M, we denote the Wigner distribution at time tTn 
by 

( 8 ) wn{tTn){a) := {vn{tTn), Opf,{a)vn{tTn )), 

where Op;j(a) is a h-pseudodifferential operator with principal symbol a G C^(T*M) - see 
appendix O This quantity represents the distribution of the solution of (jSD in the phase 
space T*M. 

Recall now that we can extract a subsequence —)■ O’*" as n —)■ -|-oo such that, for every 

a in C^{T*M) and for every 6 in T^(M), 

lim / 6{t)a{x,^)wfi^{tTfi„,dx,d^)dt = / 9{t)a{x,^)^{t,dx,d^)dt, 

tin^0+ JuxT*M Jrxt*m 

where {t,x,^) i-)- belongs to W1(T*M)), with MiT*M) the set of hnite 

complex measures carried on T*M. Recall also that, for a.e. f G M, fi{t, •) is in fact a 
probability measure which is carried on T*M and which is invariant by the geodesic flow 
on T*M. For instance, fi{t, •) can be the normalized Lebesgue measure along closed 
orbit of the geodesic flow. We refer to appendix [B] for a brief reminder of these results 
from [38] . 

We will denote by Ai (r, e) the set of accumulation points of the sequences 

pn ■ (t, X, 0 '—t wn{tTn, x, 0 

as {ufi) varies among normalized sequences satisfying (ED and (|7D. 

Remark 2.1. Thanks to the frequency assumption (ED, one can also verify that Af{T,e) 
corresponds in fact to the projections on M of the elements of A4{t, e). 

2.2. Propagation at different time scales. The Zoll structure on M allows to prove 
that every element in Af(r, e) satishes an additional invariance or transport property, 
depending on the relative size of r and e. 

We denote by py the Hamiltonian flow associated to the Radon transform of the potential 
Xg{y). Note that py commutes with the geodesic flow p^. 

Let us start presenting our results in the particular case when (M, g) is a Compact 
Rank-One Symmetric Space, since they are somewhat simpler to describe. It turns out, as 
it was already stated in the introduction, that the time scale r/j = is critical for this 
problem. More precisely, the following result holds: 
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Proposition 2 . 2 . Suppose {M,g) is a Compact Rank-One Symmetric Space. Let fi G 
At(r, e) and denote by /iq the semiclassical measure of the sequence of initial data used to 
generate fi. The following results hold. 

i) If Tne\ —)■ O’*" then p is continuous with respect to t and, for every b G Cf°{T*M) and 
every t G M; 

fi{t){b) = fioiXg{b)). 

a) IfT}ie\ = 1 then p is continuous with respect to t and, for every b G C^(T*M) and every 
t G M; 

fi{t){b) = fio{Xg{h) 

Hi) If Thcl —)■ +CXD then fi has an additional invariance property. For almost every t G M 
and every s G M; 

{Fv)*Hit) = fi{t). 

This result can be obtained by similar arguments as the proof of Propositions 12.3112.41 
presented below, which describe additional properties satisfied by the elements of At (r, e) 
in the more general case of P;-manifolds. In this case, one must take into account a certain 
((^®)-invariant function go on T*M that depends on the metric g. Let tpfg^ and denote 

respectively the Hamiltonian flows on T*M generated by go and TgiV) + go. 

The first of these result is concerned with the “big perturbation” regime, when the square 
root of the size of the perturbation dominates the characteristic length scale of oscillations. 

Proposition 2 . 3 . Suppose M is endowed with a Pi-metric g and that: 

en > h. 

There exists a smooth, -homogeneous and -invariant function go defined on T*M 
(and depending only on {M,g)) such that, for every fi G j\4(T,e) associated to a sequence 
of initial data with an unique semiclassical measure fiQ, the following holds: 

i) If Tncl —)■ O’*", then, fi is continuous in the t variable and, for every b G Cf°{T*M) and 
every t G M.' 

( 9 ) fi{f){h) = fio{Xg{h)). 

a) Ifnel = 1 then fi is continuous in the t variable and, for every b G C^{T*M) and every 
t G M.- 

(10) T{t){b) = Ro{Xg{b) o (pv^qj, ifen = h, 

(11) Tit){h) = fioiXgib) o ply), if enh~^ +cx). 

Hi) If Tfie\ —)■ +CX 0 , then fi has an additional invariance property. For almost every t G M 
and every s G M.- 

( 12 ) 

( 13 ) 


(iPv+PMt) = i/cj = fi, 

^ -1 + 00 . 
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The next result deals with the “small perturbation” regime, when h dominates efi (and 
therefore, the time scale must be compared to h? instead of e|). As it can be expected, 
the effect of the perturbation in this case is negligible. We however present the precise 
statement for the sake of completeness. 

Proposition 2.4. Suppose M is endowed with a Pi-metric g and let go the function 
introduced in Proposition \2.tA Suppose that: 

^hh ^ —)■ O’*". 

Then, for every fi G At(r, e) associated to a sequence of initial data with an unique semi- 
classical measure fiQ, the following holds: 

i) If Tjihf —>■ 0+, then, fi is continuous in the t variable and, for every b G C^(T*M) and 
every f G M.' 

(14) fi{t){b) = 

a) If Tnlif = 1 then fi is continuous in the t variable and, for every b G C^{T*M) and 
every t G M.' 

( 15 ) fi{t){b) = fio{Xg{b)o(pl^). 

Hi) If Tnh^ —)■ + 00 , then fi has an additional invariance property. For almost every t G M 
and every s G M.' 

( 16 ) {ipl^)^fi{t) = fi{t). 

We note that the statements of these Propositions remain valid for P = 0 (in fact, the 
results of Proposition 12.31 are contained in those of Proposition 12.41 in this case). 

As it will become clear from our proof, the symbol go is related to the “natural” decom¬ 
position of the operator ^^—Ag on Zoll manifolds - see for instance Theorem 1.1 of [9]. 
As stated in the Proposition, this symbol depends only on the choice of the metric. We 
emphasize yet that it is given by an hardly explicit formula - see Remark 13.51 or [53l [54] . 

However, when (M, g) is a Compact Rank-One Symmetric Space, one can take go = 0 
and therefore it is possible to derive the result in Proposition 12.21 without making any 
assumption regarding the relative size of h and Cf,. 

Remark 2.5. When XgiV) is constant, the Hamiltonian flow (py acts trivially, and some of 
the above statements are thus empty. This is the case, for instance, when (M, g) = (S*^, can) 
and V = V{x) does not depend on ^ and is an odd function plus a constant (see [29] . 
Theorems 1.17, 1.23). 

2.3. Application to the study of the quantum Loschmidt echo. As another appli¬ 
cation of the methods developped to prove Proposition 12.2112.31 and 12.41 we derive some 
properties on the so-called quantum Loschmidt echo. This quantity is defined as follows 

Sh{tTn) := \{vn{tTn),vl{tTn))\^, 


where 
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• is the solution of ([5]); 

• v^{tTfi) is the solution of (j5]) when we pick V = 0. 

This quantity was introduced by Peres in [13] and it allows to measure the sensitivity of a 
quantum system to perturbations of the Hamiltonian. Peres predicted that this quantity 
should typically goes to 0 and that the decay rate indicates the chaotic or integrable 
nature of the underlying classical system. Since this seminal work of Peres |13|, many 
progresses have been made in the physics literature regarding the asymptotic properties of 
this quantity, especially in the context of chaotic systems. We refer the reader to [191 IMl 1201 
for recent surveys on these questions. Our approach allows to study a slightly related 
quantity: 

Fn{tTn) := {vn{tTn),vl{tTn)). 

Up to an extraction —)■ 0, one can suppose that there exists F(t) in T>'(M) such that, 

for every 6 in C“(M), 

lim f e{t)Fn„itTnJdt = f e{t)F{t)dt. 

Jr Jr 

Our last result gives a description of the limit distribution F{t) in the context of Pi- 
manifolds: 

Proposition 2.6. Suppose {M,g) is a Pi-manifold and that 

lim = 0 . 

h-^o+ 

Suppose also that one the following condition holds: 

(1) enhr^ -)■ -Fcx), 

(2) (M, g) is a compact rank one symmetric space. 

Then, for every 1 1 —)■ F(t) associated to a sequence of initial data with an unique semiclas- 
sical measure fio, the following holds 
2 

i) If\imfi^Q+ = 0 , then, for every t in R.- 

m = 1 . 

a) If Tn = 4-7 then, F(t) is continuous in the t variable and, for every t in R.- 

F{t) = /io . 

2 

Hi) //lim;j^o+ = +00 and if {XgiV) = 0} = 0, then, for every t in R, 

Fit) = 0. 

This Theorem will follow from Proposition 15.21 and its proof will make use of similar 
tools as the ones used to prove Proposition 12.21 [213] and [2^ Note that other mathematical 
studies of the long time properties of the quantum Loschmidt echo appeared recently in 
various geometric settings: 1 -dimensional systems Eiiini, negatively curved surfaces [Hj. 
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3. Averaging, transport and invariange 

In this section, we will prove Propositions 12.2112.31 and 12.41 It is organized as follows. 
First, we recall an averaging procedure due to Weinstein [SI] which we formulate in a 
semiclassical language following iiEsiin]. Then, in paragraph 13.21 we deduce the above 
Propositions from this averaging Lemma, and, in paragraph 13.31 we derive the proof of a 
slightly stronger version of Theorem 11.91 from these Propositions. 

3.1. Semiclassical averaging Lemma. The following result is a quantum analogue of 
the averaging method for classical dynamical systems. 

Theorem 3.1. Let {M,g) be a Pi-manifold. Then, for every b G C^{T*M), there exists 
an operator {Bffj E whose principal symbol is the classical average: 

(17) Ig{b){x,f) boip%x,f)ds, 

and which satisfies: 

( 18 ) [{Bn),Pom=OL^^Lfih^). 

In addition, if {M,g) is a Compact Rank-One Symmetric Space, {Bfi) can be chosen such 
that the above formula is exact, that is: 

(19) l(B,>,P„(fi)l = 0. 

This type of result is rather well-known and goes back to [sn m E]. We will give 
here a semiclassical version of the argument presented in those references following the 
presentation of |T2| (chapter 15) - see also [SI [28] for a semiclassical treatment. 

The proof of Theorem 13.11 will be done in three steps. 

3.1.1. Reparametrization of the classical Hamiltonian. We have made the assumption that 
all the geodesics of M have a common least period I > 0. This means that, for every [x, f) 

in T*M, one has = {x,f), where E = Following [12], the hrst step will 

be to “reparametrize” the Hamiltonian, both at the quantum and at the classical level, in 
order to have a common period 27r for the flow on T*M. For that purpose, we set 

The Hamiltonian corresponding to this operator is given by Po{x,^) '■= H'ClIa:, and the 
Hamiltonian vector fields of po and po are related in the following way: 

where E = If we denote by the Hamiltonian flow of po, we hnd that, for every 

{x,f) in T*M and for every s in M, one has 

'fifix, 0 = (x, 0 , and f) = (x, f). 
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3.1.2. Periodicity of the quantum propagator. We recall that the Fourier integral operator 
associated to the Hamiltonian vector held satishes a certain periodicity property. This 
follows from the periodicity of the classical how. We will denote by a G Z the common 
Maslov index of the closed trajectories of ip^ on the energy layers p^^ ((0, + cxd )) . According 
to Lemma 29.2.1 in (3^ - see also [9] or [28], one knows that there exists a polyhomogeneous 
pseudodiherential operator A of order 1 and a polyhomogeneous pseudodiherential operator 
Q of order —1 (see Ch. 18 in [32] for the precise dehnitions) such that the following holds: 

(^) = ^ + 1 + Q'l 

( 2 ) [y^,g] = 0 ; 

(3) Sp(A) C N. 

Translated in our semiclassical framework, we get 

~ cyfi 

Po{h) = hA + — + hQ, 

and, in particular. 

Remark 3.2. In the case of a compact rank one symmetric space, the situation is slightly 
simpler using the explicit description of the spectrum - see paragraph 8.8 in [1]. In fact, 
we can write that 

-A--A+(-a) V + i) ’ 


where A is a polyhomogeneous pseudodiherential operator of order one such that Sp(A) C 
N, and then 


( 20 ) 




IdL2(jy^). 


3.1.3. Averaging procedure. We will now verify that the operator Po{h) satishes the com¬ 
mutation property (ITSD where the operator {Bf) is dehned as the quantum average of the 
pseudodiherential operator by the Fourier integral operator associated to hA. This 

kind of averaging procedure is standard in this context and it seems that it hrst appeared 
in Weinstein’s article [51]. 

Let 6 < I < R. For every symbol b G C^{T*M) which is supported in pg^([5, i?]), we 
dehne the following averaged operator: 

{Bn) :=— / P^^Opn{b)e-^'^dt. 

271 Jo 

According to Egorov’s Theorem, (Bn) is an element in whose principal symbol is 

equal to Xg{b), which is a smooth function since b is supported in Po ^([5, i?]) and therefore: 

^ bo'ip^{x,f)ds. 
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Using the fact that Sp(y4) C M, we start noticing that the following commntation relation 
holds: 


(21) [(B,),T=0- 

Let 0 < X < 1 be a smooth cnt-off fnnction in 




satisfying x = 1 


2-k 


V^, . We can now nse property fl2ll) in order to 


in a small neighborhood of 
derive an expression for the commntator [{Bn), PQ{h)]. First note that: 


[(B«)To(ft)l = [(B«),x(A(ft))-Po(fi)l + 

Recall now that Po(h) = We use the dehnition of A in order to write: 

h^a . , 2 t-. 

Poih) — h A H—--—I—^ Rqi 
ib 2 

where 

(y 

(22) Qq := {AQ -|- QA) + —Q + Q^, 


which also dehnes an operator commuting with Po{h). Therefore, taking into account 
identity fl2Tl) . we hnally obtain: 

27r2fi2 

(23) [{Bn),Pom = -^[{Bn),x{PomQo] + 0{h^). 

Using pseudodifferential calculus rules, one knows that x{Po{P))Qo is an element in 
with principal symbol equal to xdl'CllV(27r))q'o(3^5 0 where go is the principal 
symbol of the polyhomogeneous pseudodifferential operator {AQ + QA){27i)‘^/P of degree 
0. Recall that it dehnes a smooth function on T*M which is 0-homogeneous. Note that 
this function depends only on {M,g). Thus, using the composition formula for pseudodif¬ 
ferential operators and the Calderon-Vaillancourt Theorem [55], we conclude that: 

[{Bn),Po{h)]=OL2^L^{h^), 


as we wanted to prove. 


Remark 3.3. In the case that {M,g) is a Compact Rank-One Symmetric Space, we can use 
Remark 13.21 and mimick the above proof in order to obtain an exact commutation formula: 


[{Bn),Po{h)] = 0, 


{Bn) := 



Opn{b)e '?) 


dt. 


where 
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3.2. Invariance and transport: proof of Propositions 12.21 12.31 and 12.41 We will 

now use Theorem 13.11 to prove additional invariance properties satisfied by every element 
H in AI(r, e). Recall that, for almost every t in M, fi{t, ■) is a probability measure which is 
invariant by the geodesic fiow We also emphasize that, for almost every t in M, one has 
li{t){T*M) = 1 thanks to (jSD and ([7]). These conditions imply that for every b G C^{T*M) 
and almost every t one has: 


(24) 




Let (fy, and denote respectively the Hamiltonian fiows on T*M generated by 

Zg(y), go and ZgiV) + go. In the case of a Compact Rank One Symmetric Space, we use 
the convention go = 0. Note that (py, and Zv+qg commute with the geodesic fiow, since 
{po.Xgiy)} = {po,qo} = 0 . 

We will now give the proof of Propositions 12.2112.31 and 12.41 Let p G A4(t,€). This 
means that there exists a sequence (ufi)o<fi<i of normalized states in L‘^{M) satisfying the 
frequency assumptions ([6]) and ([7]) such that the Wigner distributions pn, '■ t wni^Tfi) 

corresponding to the solutions e a un converge to p - see appendix [Bl 

Assume moreover that {un)o<h<i has a semiclassical measure po, meaning that the 
Wigner distributions tCft(O) weak-A converge towards /iq as h —?• 0+. Let 6 be a smooth 
compactly supported function on T*M. 


Remark 3.4. We note that, as p{t){M x {0}) = 0 a.e., we can restrict ourselves to proving 
the invariance properties for such functions b. 


Let {Bfi) be the operator obtained from b using Theorem 13.11 One clearly has: 


(25) 


d 

dt 


'^hi c 


^-ppn) 


{Bn)e 


.Lla 

h 


un) = 


iTn 

h 




P-^pph) 


Un 


Recall that, by Theorem 13 .1 1 and by the composition rules for pseudo differential operators, 
one has: 

|[P,(h), {Bn)] = OL2^L<rnh^ + rnel). 

In the case of a CROSS, we also note that the remainder is in fact of order OL^^L^{Tnef). 
If Tne^ —)• O’*" (and Tnh"^ —)■ O'*" when {M,g) is not a CROSS), after integrating both sides 
of identity fl25D on the interval t G [0, r] and taking limits as h —>■ O’*", one has for almost 
every r G M: 

piT){b) = p{T){Xg{b)) = poiXg{b)), 

which, in view of (|24ll concludes the proof of i) of the three Propositions. 

We now turn to the proof of ii) of these different Propositions. Equation implies 
that the commutator takes the form: 


^[Pe{h), (Bn)] = Tnh[Opf^{qo), {Bn)] + On^^L’^irnb?) + 


h 


[V.{Bn)l 


where go was defined in paragraph 13.1.31 - see also remark 1331 below. Integrating again fl2^ 
with respect to t, letting h —)■ O’*" and using the composition formula for pseudodifferential 
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operators gives that, for every r G M the following holds 

( 26 ) Mr)(I»((>)) - = /'hw({i.A(i-)})*. 

Jo 

where 

( qo if en,h~^ -)■ 0+, 

^ { Qo + V iien = h, 

[1/ if e}ih~^ +CO, 

In the case of a CROSS, we let L := V without any assumptions on the size of the 
perturbations. The geodesic flow preserves the symplectic form on T*M, therefore: 

(27) {I,(L),I,(6)} =I,({I,(L),6}) =I,({L,I,(6)}). 

In particular, combining this equality to fl2T|) . we can rewrite (126|) as 


VreM, p(r)(X,(6))-/io(X,(6))= [\{t){{Xg{L),Ism)dt, 

Jo 

Therefore, using again ([27]), one has -^ix{T)(Xg{b o = 0, and thus 

hM(^5(&)) = fJoi'Igib o ifl)) = fJoiJ^gib) o ifl), 

where (p\ is the Hamiltonian flow of Xg{L). This completes the proof of ii) of Proposi¬ 
tions 12.2112.31 and 12.41 

We consider now the large time regime, meaning Tfie \ — )■ -|-cxd (in the case of Proposi¬ 
tions [22] and [X3]) or Tnb? —>■ -|-oo (in the case of Proposition 12.4p . Let 9 be an element in 
Cc(l^)- We use an integration by parts on (j25jl to derive: 



(un, e « {Bn)e « unj at = 


in 

h 


, itTkP^lfi) itTHPe(fi) 

9{t) {un,e ^ [^e(h), {Bti)]e ^ u^) dt. 


Thanks to relation fl2^ . we deduce that 


i 

h 



H-ThPeJO 

n 


Op,(») + elv, (B,)] df = 0 (t,-') + 0(tf ). 


Again, in the case of a CROSS, the remainder is only (P(t^ ^). Using the composition 
formula for pseudodifferential operators, we hnd that 

(28) [ 9it){wn{tn), {hho + elV,Xgm)dt = + 0{h^). 

Jr 

Taking limits as h —)■ 0+ and using identities fl2T|) . fl27|l shows that 


[ 9it)f^{t){{XgiL),Xgm)dt 
Jr 


0 . 


This concludes the proof of part hi) in each case. 
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Remark 3.5. Again, we would like to stress the fact that the symbol Qq is only related to 
the choice of the metric on M. In order to get an (implicit) expression for qq, we have to 
write that 

0=[{Bn),h^A^] = [{Bn),Po{hf-h‘^Op,{qo)] + OL2^L2{h^). 

Using energy cut-offs, this can be in fact rewritten as 

Op,(,„)| = ^ 

From this expression, we can get an expression for {Xg{b),qo} by identifying the principal 
symbol of the right hand side which turns out to be a delicate task [531 [M]- We will discuss 
this in more details in paragraph 13.41 in the case of metrics of revolution on S^. 


3.3. Proof of Theorem 11.91 Theorem 11.91 is now an easy consequence of Proposition [231 
We will in fact prove something slightly more precise that works for any size of e/j. We 
use the above convention for dehning the function L. Recall that L is a smooth function 
on T*M which is 0-homogeneous and that, in the case of a compact rank-one symmetric 
space, one has always L = V o ir. 

Let fi E A4 (t,6). Suppose r;je| —)■ -|-cxo, or —)■ -|-oo when ^ h (if {M,g) is not a 

CROSS). Then, Propositions 12.2112.31 and [2Tl assert that fi(t, •) is invariant with respect to 
the flow (the Hamiltonian flow of Xg{L)) for a.e. f G M. 

First, we consider Fq C S'*M a closed orbit of (p® that is not included in 

Crit(L) := |p G f*M : dpXg{L) = o| . 

The fact that Fq ^ Crit(L) is equivalent to the fact that the set Fq is not invariant by (p£ 
- see Lemma ITT] for a proof of this fact. For a given closed orbit Fq C S*M and for a hxed 
A > 0, we now dehne 

Fo(A) :={(a;,AO:(x,OeFo}. 

We £x a compact interval [ci, C 2 ] C (0, -|-cxd) and A G [ci, C 2 ]. Since ip}^ commutes with the 
geodesic flow, it follows that all of the sets </9]((Fo(A)) are distinct orbits of p'^ (at least for 
r small enough). On the other hand, the invariance of fi{t, ■) implies that, for a.e. t in R, 


a(*) U v>I(ro(A)) = [J r„(A) 

yAe[ci,c2] J \Ag[ci,c2] 

for every r in some interval with non-empty interior. Since p{t, ■) is hnite, one must have 


(29) 


Kt) I U D(A) I = 0, 

. Ae[ci,c2] 


for a.e. t in R. 
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Consider now the projection •) of /i(t, •) on M. Suppose Fq C S*M is a closed orbit 
of and denote by 70 := 7 r(ro) where n : T*M —)■ M is the canonical projection. Suppose 
that Fo is not contained in Crit(L). Using ([29]), we note that 

i^(^)(7o) = Kt) [ IJ e 7 r"^( 7 o) : ||^|| = A and (a;,0 ^ ro(A)} 

yAe( 0 ,oo) 

Using invariance by the geodesic flow and the fact that the measure is finite, a similar 
argument as above allows to conclude that this quantity is in fact equal to 0 . 

3.4. Explicit expression of qq on In this last section, we briefly recall a result due 
to Zelditch which gives a more or less explicit expression for qq - see Theorem 3 in [51] 
for more details. We suppose that g is a. C 27 r-metric on in this case, every geodesic is a 
simple curve, see [2T]. We fix Fq a closed geodesic on S*M issued from the point 

i.e. 

Fo := {</5 ^(to,Co) = (x(s),^(s) : s e M} . 

We denote by fxo,io(t) fhe unique solution of the ordinary differential equation 

fit) + K{x{t))f{t) = 0, /(O) = 1, /'(O) = 0, 
and by /a;o,Co(^) ^^e unique solution of the ordinary differential equation 

fit) + K{x{t))f{t) = 0, /(O) = 0, f(0) = 1, 
where K is the scalar curvature. Using the conventions of Appendix jC] we also define 

The formula obtained by Zelditch can then be expressed as follows: 

^27r i*27v 

90(2:0,'^0) := 

where 

Rxo,Ut) :=/^o,«o(^) / J^{x{s),^{s))fxo,io{s?ds 
Jo 

[ /xo,€o(s)^( 2 :(s),^(s))/a,o,^o(s)^ds. 

Jo 

We proceed as in [51] and specialize this expression to the case of C' 27 r-nietrics of revolu¬ 
tion on §^. According to [^ - Theorem 4.13, such a metric can be written in spherical 
coordinates as: 

g = {1 + (j(cos 9)Yd6‘^ -|- sin^ Odcj)^, 

where a is a smooth odd function on [—1,1] satisfying cr(l) = 0. Recall from Paragraph 4.17 
in [ 1 ] that the sectional curvature can be expressed as follows: 

= n I } —^(l + a(cos 0 ) -cos 0 a'(cos 0 )). 

(1 -I- a{cos0)y 
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Let vr(ro) be the closed geodesic corresponding to 9 = ^. We note that the curvature is 
constant and equal to 1 on this closed geodesic. For every (xo,^o) in Tq, we find then 


qo(,xo,^o) 


1 3^(t'(0)^ P/cos®0 

4^ dvr io 



3cr'(0)3 

4 


In particular, qq is not equal to 4 on this closed geodesic if cr'(O) 7 ^ 0. This condition is of 
course generic among the possible choice of a. Using the symmetry of revolution and the 
Gauss-Bonnet formula, one verifies that, for any (xq, ^ 0 ) belonging to a geodesic orthogonal 
to the geodesic 0 = ^, one has qo{xo,^o) = 4. In particular, go is not a constant function on 
r*§^. Combining this observation to the results of paragraph 13.31 we deduce Theorem 11.41 
- see Remark 11.71 


4. Measures with two invariance properties 

This section is of more geometric flavor; it is devoted to analyzing the structure of 
measures on the cotangent bundle that are invariant by two flows that commute. 

4.1. Measures that are invariant by two Hamiltonians that commute. As before, 
we write Po{x,^) := |||C|li and ip^ denotes the geodesic flow acting on T*M. 

Let L be a smooth function on T*M satisfying: 

• L is 0-homogeneous in the ^ variable, i.e. L{x,^) = L{x, X^) for every A > 0. 

• The one-form dL does not vanish identically. 

• L Poisson-commutes with Pq: {L,Pq} = 0. 

We shall denote by Xq and Xl the respective Hamiltonian vector fields of po and L; let 
be the flow of Then the flows and p^ commute. 

The purpose of this section is to describe the set of probability measures on T*M that are 
simultaneously invariant by the the flow p]^ and by the geodesic flow (p®. We are especially 
interested in the case when d = 2 and M is orientable. 

We introduce the set Crit(L) of critical points of L in T*M: 

Crit(L) := |p e f*M : dpL = o| . 

This is a closed set in T*M that is invariant by both flows p^,p'^^. More precisely, the 
following holds. 

Lemma 4.1. Under the above assumptions, Crit(L) is formed by those orbits of the geo¬ 
desic flow that are invariant by pf. 

Proof. Since p^ and pf commute, Crit(L) is formed by orbits of the geodesic flow that 
are fixed by pf. On the other hand, if the orbit of the geodesic flow issued from some 
Pq is invariant by pf then necessarily Xl{pq) = uXq^pq) for some a G M. This forces 
^l{p) = dA'o(p) for every p in the orbit. Since L is zero-homogeneous with respect to f it 
turns out that X^ and Xq are orthogonal with respect to the Sasaki metric (see Appendix 
C). Therefore, a = 0, as we wanted to prove. □ 
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Consider now the set: 

7^(L) :=f*M \Crit(L). 

This is an open subset of T*M that is invariant by (p^ and The map 
0 : X 71{L) 3 (s, t, p) I —> o p\{p) G 7^(T), 

is a group action of on 1Z{L). Moreover, for any po ^ 'Tl{L) the map: 

0PO : 9 (s,t) I— >p" o pKpo) e n{L), 

is an immersion. Therefore, the stabilizer group Gp^ of po under 0 is discrete. This proves 
that the orbits of the action cj) are either diffeomorphic to the torus T^, to the cylinder 
T X R or to R^. 

The moment map: 

$ : 7^(L) 9 (x,0 ^ {po{x,0,L{x,0) e R^ 
is a submersion, and for every {E, J) G <h(7^(L)) the level set 

:= 

is a smooth submanifold of TZ{L) of codimension two. Note that the 0-homogeneity of 
L implies that A^aE,j) = ha{A^E,j)) for every a > 0, and ha ■ T*M —> T*M being the 
homothety of ratio a on the hbers. 

When d = 2 the couple po,L forms a completely integrable system on TZ{L)] and the 
map (j)pQ induces a diffeomorphism: 

: RVG„ ^ for (£„, J„) := 4(p„)i 

Above, A^g^ denotes the connected component of K(^Eo,Jo) contains po- Therefore, 
if A^^^ is compact then it is an embedded Lagrangian torus in T*M. In that case, we 
shall write := R^/Gp^. See [131110] for more detailed proofs. 

Our next result clarihes the structure of the set of probability measures on 71{L) that 
are invariant by the geodesic flow and the flow Let us introduce hrst some notation: 
7lc{L) will be the set formed by those p G 7?.(L) such that A^^^^ is compact. 


Proposition 4.2. Suppose that d = 2. Let p be a probability measure on 'R-{L) that is 
invariant by p^ and and set p := ^^p. Then, for every b G Cc{Ti{L)), one has 



b{x,i)p{dx,dO 


'$(7e(L)) 



6 (x, ^)XE,j{dx, dff)p{dE, dJ), 


where, for {E, J) G ^(71{L)), the measure Xe,j is a convex combination of the (normalized) 
Haar measures on the tori A^^ for p G A[e,j) O 7lc{,L) (see equation (1301 ) ). 


Proof. The disintegration Theorem (see e.g. Th. 5.14 in [15]) gives, for p-a.e. {E,J) G 
Tl{L), the existence of a family of probability measures pe,j concentrated on A(^e,j) such 
that: 


b{x,Op{dx,dO = 


n(L) 


^{n(L)) Ja^e.j) 


b{x, (,)pE,j{dx, df)p{dE, dJ), 
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for every b G Cc{TZ{L)). The measures fiE,j inherit the same invariance properties as /i. In 
particular, 

/ Kx,OfJ^E,j(,dx,d^)= b{(j){s,t,x,^))fiEAdx,d^) 

for every {s,t) G Each connected component of the manifold A(e j) has a group struc¬ 
ture induced by the map 0p, for any p G A(^e,j)- The invariance property of Pe,j\ap is 
equivalent to stating that it is invariant by translations in the group. Therefore, Pe,j\a'’ 

(^E ,J') 

must coincide with a multiple of the Haar measure on for every p G A(^ j). If A|’g 

is non compact, this measure is inhnite and pE,j{di^H j)) ~ 

An explicit formula for the restriction of the measure Xe,j to a connected component 
A^^ j) with p G 7lc{L) n A(£; j) is the following: 

(30) / b{x,^)XE j{dx,d^) = c / b{(j)p{s,t))dsdt, 

for some constant c G [0,1]. Proposition 14.21 merely states that bi-invariant measures a 
superpositions of measures of this form. 

Note that so far we have not used the fact that the geodesic flow is periodic. When this 
is the case it turns out that for every po G 7lc{L) the stabilizer group of po contains 
an element of the form {q, 0) for some g G M \ {0}. 

4.2. Structure of the projection onto the base. Our next goal is to study the regular¬ 
ity properties of the projection of a bi-invariant measure p onto the base manifold M. We 
are going to prove that they decompose as an measure that is absolutely continuous with 
respect to the Riemannian volume plus a singular measure supported on the projection of 
the critical set Crit(L). 

Theorem 4.3. Suppose that M is an orientable Pi-surface. Let p he a probability measure 
on 71{L) that is invariant by and Then v := n^p is a probability measure on M 
that is absolutely continuous with respect to the Riemannian measure. 

Denote by Mi^L) the convex closure of the set of measures ^^07 where 7 C T*M ranges 
over the orbits of the geodesic flow that are contained in Crit(L). The following is a direct 
consequence of Theorem 14.31 

Corollary 4.4. Suppose that M is an orientable Pi-surface. The projection v := vr^/x of a 
probability measure p on T*M that is invariant by p^ and pf can be decomposed as: 

V = f Volp -FOI^sing 

where f G LX{M), a G [0,1] and z/ging G Rf{L). 

Remark 4.5. For a “generic” function L, the set Crit(L) is formed by critical points that 
are non degenerate with respect to directions that are orthogonal to the geodesic flow and 
to the vertical vector held that generates the dilations on the hbers. In this case, for every 
E > 0 the set Crit(L) npQ^(E) consists in a hnite number of orbits of the geodesic how 
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that project onto a finite family of geodesics {71, ...,7,-} in M. The measures p described 
in Corollary 14.41 then take the simple form: 

r 

U = fYO\g + j2cjK^ 

i=i 

where Cj > 0 for j = 1,r and C' — 1- 

Theorem 14.31 essentially follows from a structure result for the projections of the La- 
grangian tori onto M: the projection 7r|^po ^ is a local diffeomorphism onto its image 

except at points lying on a finite family of smooth curves (called sometimes a caustic). See 
also Lemma 2.1 in [S]. 

Lemma 4.6. Let po G lZc{,L); then there exist a finite family of smooth disjoint 

closed curves contained in that are traversal to the geodesic flow and such that 

pcaus ._ is exactly the set of singular points of 7i\j^po —> M. 


Proof. Let {Xq, IT, To, U} he the orthogonal frame on T*M defined in Appendix C. Since 
L is 0-homogeneous with respect to f, the Hamiltonian vector field has no component 
in Xq, that is: 

9p{XL{p),Xoip)) = g^(p){dpTT{XLip)), dpTT{Xoip))) = 0 . 

The tangent space of A^°^ at a point p is spanned by {Xo(p), Xl(p)}. The points p G 
A^^ close to which 7r|^po is not a local diffeomorphism are precisely those at which 
dpTi^Xi^p)) = 0. Define: 


F{t,s) := g^{^,^{t,s)){d^,g(t,s)T^{XL{fipfit,s))),d^^^p^s)T^{W{fipfit,s)))). 


One has: 


F(f,s) = 0 Xiifipfit^s)) G Ker(d^^^7,,)7r). 

We are going to apply the implicit function Theorem to the equation F{t, s) = 0 in order 
to prove our claim. Note that .Jsit) := s))) = s) is a Jacobi 

field along the geodesic js(t) ■= Write Zs{t) := d^^^(t^s)'^{W{(t)pfit, s))). One 

has: 


dtF(t,s) — gTT{4)pg(t,s)) ^ ^sit)'^ + gn{4>pQ{t,s)) ^Jsit), 


DZsjt) 

dt 


where ^ is the covariant derivative along the curve 7s(t). If F{to, sq) = 0 then Jsoito) = 0 


but: 


9TT((j>p„ {to,so)) 


DJ. 


so 


dt 


(to), Zso(to) 7^ 0; 


the reason for this is that if that term were to vanish, this would imply that ^Jso(to) is 
proportional to 7'(to)- Therefore, the Jacobi field Jso(t) should be proportional to t'j'(t) 
which forces Jsq to vanish identically. In other words, X2,(0po(t, Sq)) G Ker((j0p^(t ,5Q)7r) for 
every t. But this is a contradiction, since the values of t for which that property holds turn 
out to form a discrete set in R, as we show next. 
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This fact is a consequence of the twist property of the vertical subbundle as stated in 
[12]: recall that j) ^ Lagrangian submanifold of T*M; applying Proposition 2.11 of 
[12] to the Lagrangian subspaces with p G jy we deduce that, for every sq the 

set of the t G M such that: 

Ker(d^^^(t,,„)7r) = Ker(d<^^^(i,,o)vr) n ^ {0}, 

is discrete. 

If the geodesic (p^{po) is g-periodic, this set is in fact hnite modulo qZ. Set Sq = 0 
and let C M/gZ be the set at which F(t,0) = 0. We can apply the implicit 

function Theorem to conclude the existence of a unique family of smooth functions tj{s) 
with s G R/r(J)Z satisfying fj(0) = tj and F{tj{s),s) = 0. Taking into account that 
dtF{t,s) 7^ 0 as soon as F{t,s) = 0, we conclude that two curves {tj{s),s) and (A(s),s) 
are either disjoint or they coincide. Let us relabel these curves in order to have {tj{s),s) 
with j = 1, ...n are disjoint. Since these curves are the unique solutions to the equation 
F{t, s) = 0, the trajectories (tj(s), s) must be closed. Therefore, the smooth curves T^^^ := 
{(f>poitj{s), s) : s E M/r(J)Z} with j = 1, ...,n are disjoint and closed. □ 

To conclude the proof of Theorem 14.31 let S C M be of zero Riemannian measure. By 
construction, 

v{B) = [ XE,j{7r~^iB)nA(E,j))FidE,dJ). 

J<s>{n){L) 

Fix a connected component A^^ in A(e j), let hlpg be any connected component of A^^ \ 

rcaus_ = Q by Lemma [4.61 and vrlopp is a local diffeomorphism; therefore, 

n ripg has A£;,j-measure equal to zero. Hence, 

AE,j(x-‘(B)nA»j,) = 0. 

This shows that ^{E) = 0 and therefore, v is absolutely continuous with respect to Rie¬ 
mannian mesure. 


5. Quantum Loschmidt echo on Zoll manifolds 

In this section, we revisit the proof of section [3] in order to study a quantity which is 
related to the so called quantum Loschmidt echo defined in the section [2l Precisely, we 
prove Proposition 12.61 For every b in C^{T*M) and every t in M, we define 

Mn{tTn){b) := {vn{tTn), Opt^{b)vl{tTn)), 


where 

• {Th)o<h<i is a scale of times satisfying lim;j_j.oT;j = -|-oo; 

• VfiitTfi) is the solution of ([5]); 

• v^itTfi) is the solution of ([5]) when we pick V = 0. 
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If we suppose that the sequence of initial data is normalized and that it satis- 

hes dH]) and ([7]), then, proceeding as in appendix ([B]), we can extract a subsequence —)■ 0 
such that, for every 9 G C“(M) and for every a in C^(T*M), one has 

lim [ 9{t)Mn„itTnJ{b)dt = [ 0{t) ( [ b{x,^)M{t,dx,d^)\dt, 

n^+oo Jr \Jt*M J 

where t i—)■ M{t) belongs to L°°(R, jVl(T*M)). Thanks to the frequency assumptions, the 
support of M{t) is included in T*M\{M x {0}). Moreover, in the case where en <C Vh, we 
also observe that, for a.e. f in M and for every s in M, one has 

(31) [ b{x,^)M{t,dx,d^) = [ bo(p^{x,^)M{t,dx,d^). 

Jt*m Jt*m 

Remark 5.1. In order to make the link with Proposition 12.61 we note that, thanks to ([6]) 
and ([7j), one has 

lim [ 9{t)Mt^{tTti^){l)dt = [ 9{t) ( f M{t,dx,d^) \ dt. 
n^+ooj^ Jr \Jt*M J 

Proposition 12.61 follows then from the previous remark and the following Proposition. 

Proposition 5.2. Suppose {M,g) is a Pi-manifold and that 

lim enh~^ = 0. 

/i—>-0+ 

Suppose also that one the following condition holds: 

(1) enh~2 +CX), 

(2) (M, g) is a Compact Rank One Symmetric Space. 

Then, for every 1 1—)■ F{t) associated to a sequence of initial data with an unique semiclas- 
sical measure fiQ, the following holds: 

2 

i) //hm/j^o+ = 0, then, for every t in M and for every b in C^{T*M), 

M(t)(6)=/io(X,(6)). 

ii) If Th = 4, then, for every t m M and for every b in CP{T*M), 

2 

Hi) //lim;j^o+ = +00, then, for a.e. every t inM. and for every b in Cf°(T*M), 

Mit)ibIg{V))=0. 

Remark 5.3. In the case (hi), we emphasize that we can deduce that 

suppM(t) C {Xg{V) = 0}. 

We will now give the proof of this Proposition which follows the same lines as the proofs 
in section |3l 
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Proof. Let 6 be a smooth compactly supported function on T*M. Using fl3T]) . one has that 

M{t){b) = M{t){Ub)). 

We start our proof by computing the following derivative 

^ {{vn{tTn), {Bn)vl{tTt,))) , 

where {Bf) is the operator from Theorem I3.11 Using Theorem 13.11 we obtain in fact 

(32) ^ {{vh{tTn), {Bn)vl{tTn))) = -^-^^{vn{tTn),V{Bn)v^{tTn)) + 0{Tnh^). 

We observe that, if {M,g) is a compact rank-one symmetric space, then the remainder is 
in fact equal to 0. The case (i) follows immediatly by integrating fl32ll between 0 and t. In 
the case where Tn = A, one finds that, for every 9 in one has 

[ e\t)M{t){Xg{b))dt = i [ e{t)M{t){Xg{b)V)dt = i [ 9{t)M{t)(Xg{b)Xg{V))dt, 

Jm. Jr Jr 

where the first equality follows from (j3^ and the second one from (ITIll . The case (ii) follows 

2 _ 

then from the above relation. Finally, when lim;j^o+ = +oo, we deduce from fl32l) that 

[ e{t)M{t)iXgib)Xgiv))dt = o, 

Jr 


from which (iii) follows according to fl3ip . 


□ 


6. Relation to spectral problems: proof of Proposition 11.141 


In this last section, we explain how time dependent semiclassical measures can be used 
to prove some results on the spectrum of the semiclassical Schrodinger operator 


Pe{h) : = 


2 


+ e 


V. 


Precisely, we prove Proposition 11.141 from the introduction which establishes the existence 
of distinct eigenvalues which are asymptotically close to each other. In order to prove 
this result, we revisit an argument that was given in [57] - proof of Theorem 2 from this 
reference. Thanks to Corollary 11.101 recall that any weak-A accumulation point u of the 
sequence {\'ijh\‘^yo\g)o<n<i verifying 


Pe{K)JJh = and E{h) ^ Uq 7^ 0, 


must satisfy 


i^({7o}) = 0, 

for every closed geodesic 70 that is not included in C(U). Let 70 be such a geodesic; let 
To be a lift of 70 to T*M such that, for (a;o,(Co) ^ Tq one has = Eq . We proceed by 
contradiction and we suppose that there exists —)■ 0 as n —)■ -|-cxd such that 

inf{|U,(;i„) - Ek{K)\ :l<J^k< N{K)} 
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Our goal is to construct v as above verifying i^({ 7 o}) > 0. 

We fix a sequence —)■ +oo satisfying 

(33) rnJo{hn)el^ +oo, 
and 

(34) 0- 

These two conditions are compatible thanks to our assumption on the subsequence hn —)■ 
O’*". In the following, we omit the subscript n in order to alleviate the notations. 

6.1. A sequence of “good” initial data. We £x a sequence of initial data (w^q ^(j)o</i<i 
whose semiclassical measure is unique and given by the Dirac measure 5a;o,^o- This can be 
obtained from a sequence of normalized coherent states - see for instance Ch. 5 in |55] . 
Then, we pick a cutoff function 0 < y < 1 in C“(M) which is equal to 1 in a small 
neighborhood of 0 , say [— 1 / 2 , 1 / 2 ], and 0 outside a slightly larger neighborhood, say [— 1 , 1 ]. 
We introduce the following truncation of our coherent states: 

'Po{h)-Eo' 


u 


XQ 


■ T 


5n 


u 


xo,io' 


Using results on functional calculus for semiclassical pseudodifferential operators - see for 
instance Ch. 14 in [52], one can verify that the operator y is an h-pseudodifferential 

operator belonging to the set \k“°°’°(M) as defined in Appendix |Al Recall that its principal 
symbol is 

0 , ,, ^11^1172-Eo' 

:= X ( -- 

As the semiclassical measure of the sequence Dirac measure in (xo,^o), 

one can observe that 


(36) 




2^0,Co ^a:o,ColU^ 


= 0 ( 1 ). 


Thanks to the Calderon-Vaillancourt Theorem, one can also verify that 


(36) 


X 


Po{n) - E, 
5n 


- X 


Pe{n) - Eo 
5n 


= 0 ( 1 ). 


L2(Af)^.L2(M) 


Denote by ^Ej{h) the spectral projector corresponding to the eigenvalue Ej{h), one has 

' m) - E„\ J, 


u 


h,e _ 


3;o,Co 


= X 


^a;o,Co 


i=i 


n 


Ej(K)'^XQ,io- 


Recall that the eigenvalues Ej{h) (and the spectral projectors) depend implicitly on en,- 
When 7 ^ 0, we dehne 


vie ■ = 


n 
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otherwise, we set = 0. Then, we write 

Nih) 


~h,e 


i=i 


Ej{h) — Eq 


n.. 




Finally, we introduce <4^^ := x line, i IIl 2 ' quantity is equal 

to 0 when 4e = 0. Using fl3^ and (l36D . one can verify that 


(37) 


N{h) 

i=i 


6.2. Semiclassical measures of the Schrodinger equation. Let 0 be a smooth func¬ 
tion on M such that 9 is compactly supported and satishes 9{0) = 1. We also £x b in 
C^{f*M). According to Propositions 12.21 and 12.31 (point i) and to the fact that r^el —)■ 0, 
one has 


9it) 




itT^P^jn) itT^PejK) ^ 

ft Op;j(6)e ft u 


a:o ,^0 


dt = Ig{b){xo,^o) + o(l). 


as h goes to 0. Using the conventions introduced in the previous paragraph, one deduces 
then 


E ^ 

l<j,k<N{h) 


Tn{Ej{h) - Ek{K) 


h 


(4,A,e)" Opn(bMJ =Ig(b)(xo,^o) + o(l). 


For j ^ k, one has 


Tn{Ej{h) - E,{h)) 


h 


> TnSo{h)el, 


which tends to -|-cx) according to ([33]). Thus, we get, as h goes to 0, 


(38) 


N{h} 


Y1 4,e 


OPft(^)4,4 =X46)(a;o,^o) + o(l). 


Recall that is either 0 or a normalized state in L‘^{M) which satishes P^{h)vj^^ = 
Ej{h)vl^. We will deduce from this asymptotic formula the existence of an accumulation 
element z/ satisfying 1 ^( 70 ) = 1 , and thus we will obtain the expected contradiction as 70 is 
not cointained in CiV). 


6.3. Estimating the variance. We now remark that the measure b ha Xg{b){xQ,^o) is 
an ergodic measure which can be written as a convex sum of almost invariant and almost 
positive distribution. Thus, we can proceed as in the proof of the quantum ergodicity 
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Theorem [55] to construct a subsequence converging to this measure. For that purpose, 
we start by estimating the variance: 

Nih) 

Vh{h) := • 

i=i 


One can introduce xi ^ smooth compactly supported function on T*M which is equal to 
1 for ^ < 11^IP < 8Eq and which is invariant by the geodesic flow. By construction of the 
states vj^^, we can rewrite 14(6) as follows: 


Nih) 

V^{b) = Y. 4, 


i=i 



OpnibxiH,,) 


\o(n), 


where b = b — Xg{b){xQ,^Q). Combining the Egorov Theorem to the fact that the are 
eigenmodes, one hnds, for every T > 0, 


Nih) 

V,{b) = E 4. 


i=i 



1 

T 


(6Xi) o 



2 

+ Oih), 


where the constant in the remainder depends on T. Applying the Cauchy-Schwarz inequal¬ 
ity and the composition rule for pseudodifferential operators, we obtain 


Nih) 


VtM < 


'h,E 


i=i 



T 


(6Xi) o ip^^ds 



+ 0{h), 


We now use the limit formula 0381) . and we derive that, for every T > 0, 

, , , r'^ 2n 

limsup 14 ( 6 ) < Xg 


h-^o 


1 

T 


(6xi) o if^ds 


{xo,^o)- 


We take the limit T —)■ -|-oo, and we have, as h —?• 0+, 

Nih) 

(39) 5^4,. -Xg{b){xo,^o)\^ = o(l). 

i=i 


6.4. Bienayme-Tchebychev inequality. As the eigenmodes are microlocalized on the 
energy layers Eq — Sq < ^ Eq + 6^, we fix {bk)k€n a family of smooth functions in 

C)P(T*M) which defines by restriction a dense subset (in the topology) of the continuous 
functions on {(x,.^) G T*M : [Eq — 26q,Eq + 2(5o]}- We reestablish the dependence in the 
parameter n and we define, for every fc in N and every n in N, 

dlt := {l < J < N{K) : ■ 
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From the Bienayme-Tchebychev inequality, we get, as n —)■ +cxo, 

= 0(1). 

j&Ai 

For every > 0, we set := which still satisfies 

= o(i)- 

For every fc G N, we take Uk larke enough to ensure that, for every n > k, one has 

r’ 

iGA^ 

and we also impose the subsequence Uk to be increasing. Then, for every Uk < n < Uk+i, 
we let Afi„ := A|^. Then, thanks to (ETj), one has, as n —)■ +oo, 

4,. = l + o(l). 

iGA= 

By construction, this implies that there exists a sequence 1 < jn < N{hn) such that, for 
every k in N, 

^lim^(n^;;^^, Opf^^{bk)vil^^) = Xg{bk){xo,^o). 

By density of the family bk in the C°-topology, we find that the limit measure is the measure 
carried by the closed geodesic issued from (xo,^o)- In other words, we have constructed a 
sequence of eigenmodes whose semiclassical measure is carried by the closed geodesic issued 
from (xo,Co)- As we have supposed that this closed geodesic is not included in Grit (Id), we 
obtain the contradiction. 

Appendix A. Semiclassical analysis on manifolds 

In this appendix, we review some basic facts on semiclassical analysis that can be found 
for instance in |55]. Recall that we define on the following class of symbols: 

: \d:d^^bn\ < • 

Let M be a smooth Riemannian d-manifold without boundary. Consider a smooth atlas 
{fi, Vi) of M, where each fi is a smooth diffeomorphism from V; C M to a bounded open 
set Wi C To each fi correspond a pull back : C°°{Wi) —)■ C°°iVi) and a canonical 
map fi from T*Vi to T*Wi: 

fi ■ ^ (fiix), . 

Consider now a smooth locally finite partition of identity {(pi) adapted to the previous atlas 
(/;, Vi). That means ^ and (pi G C°°{Vi). Then, any observable b in C°°{T*M) can 

be decomposed as 6 = where bi = b(pi. Each bi belongs to C°°{T*Vi) and can be 
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pushed to a function bi = {fi ^)*bi G C°°(T*Wi). As in [55], define the class of symbols of 
order m and index k 

(40) S^’\T*M) := {(6;.(a;,0);.e(o,i] e C^{T*M) : • 

Then, for b E S^'’^{T*M) and for each /, one can associate to the symbol bi E 
the standard Weyl quantization 

where u E S(W^), the Schwartz class. Consider now a smooth cutoff -0; E C^{Vi) such that 
'ipi = 1 close to the support of (pi. A quantization of 6 G {T*M) is then dehned in the 

following way [55] : 

(41) Op;,(&)(m) ■=^tPiX (/rOpn&z)(/r^)*) (V'i X u ), 

I 

where u E C°°{M). This quantization procedure Op;j sends (modulo C>(h°°)) S'^'^{T*M) 
onto the space of pseudodifferential operators of order m and of index k, denoted T™'’^(M) [55]. 
It can be shown that the dependence in the cutoffs (pi and tpi only appears at order 1 in h 
(Theorem 9.10 in [55]) and the principal symbol map uq : T™'’^(M) —)■ {T*M) 

is then intrinsically dehned. Most of the rules (for example the composition of operators, 
the Egorov and Calderon-Vaillancourt Theorems) that hold on still hold in the case of 
^m,fc(]^)_ Finally, we denote by T“°°’^(M) the set nmGR'h™'’^(Af). 


Appendix B. Time-dependent semiclassical measures 


The aim of this short appendix is to recall a few facts on the dehnition of time-dependent 
semiclassical measures - we refer to [38] for more details. 

Let {uti)o<:h<i be a normalized sequence in L‘^{M) verifying the oscillation assump¬ 
tions ([HD and ([7D. For a given scale of times r := {Tti)ti^o+ satisfying 

lim Tn = -l-cxo, 
h—>-0+ 

we denoted the Wigner distribution by 


(42) Va G C^{T*M), wn{tTn){a) := {vn{tTn), Op'pl{a)vn{tTn )), 


where vn{T') is the solution at time r' of ([5D with initial condition u^. Using the Calderon- 
Vaillancourt Theorem, we deduce the existence of a constant C > 0 and a positive integer 
D depending only on the manifold (M, g) such that 


txT*M 



')\\c°(T*M)dt, 


for every a E C“(M x T*M). According to [46] (Ch. 3), the sequence {nn : i-)- 

Wfi(tTii,x,^))fi>o is relatively compact in V'(M. x T*M). Thus, we can extract converging 
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subsequences (for the weak-A topology). In particular, for any accumulation point /i of this 
sequence and every a G C“(M x T*M), one has 


a{t, dx, d^) 


IRxT*M 


< c 


')\\c°{T*M)dt. 


Thus, /i can be extended to a continuous linear form on L^(M,Cq(T*M)), where Cq{T*M) 
denotes the set of continuous functions vanishing at inhnity. Consequently, the limit dis¬ 
tribution t !-)■ /r(t, •) belongs to A^(T*M)) (see for instance [H]), where M.{T*M) is 

the set of hnite complex measures on T*M. For any converging subsequence in P'(MxT*M) 
(which we do not relabel), we note that the following also holds, for every 6 G L^(R), and 
for every a G C^{T*M) 


lim / 9{t)a{x,^)wfiitTn,dx,d^)dt= / 9(t)a{x,^)fi(t,dx,d^)dt. 

Jrxt*m Jrxt*m 

Finallj3, according to the Carding inequality, the limit distribution is in fact a positive 
measure for a.e. t in M. Moreover, the frequency assumptions ([6]) and ([7]) and the fact that 
e/j —)■ O’*" imply that, for every almost every t, = 1. Using Egorov Theorem, one 

can also verify that, for a.e. t in M, fi{t, ■) is invariant by the geodesic flow (p®. 


Appendix C. Geometry of T*M 

In this appendix, we collect some classical results on Riemannian and symplectic geome¬ 
try that appear at different stages of this work. Along the way, we recall classical notations 
that are used all along this article. We refer for instance the reader to H 021 Sg [50] for 
more details. 

C.l. Musical isomorphisms. Recall that the Riemannian metric g on M induces two 
natural isomorphisms 

b : T^M T*M, v H- g^{v ,.), 

and its inverse jj : T^M —)■ T^M. This natural isomorphism induces a positive dehnite 
form on T*M for which these isomorphisms are in fact isometries. We denote by g* the 
corresponding metric. 

C.2. Horizontal and vertical subbundles. Let p = (x, ^) be an element in T*M. De¬ 
note by 71 : T*M —)■ M the canonical projection (x, ^) ha x. We introduce the so-called 
vertical subspace: 

Vp := Ker(dp7r) C TpT*M. 

The hber T*M is a submanifold of T*M that contains the point (x,^). The tangent space 
to this submanifold at point {x,^) is the vertical subspace Vp and it can be canonically 
identihed with T*M. We will now dehne the connection map. For that purpose, we hx Z 

^One can for instance follow the arguments given in Ch. 5 of |55) . 
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in TpT*M and p(t) = {x(t),^(t)) a smooth curve in T*M such that p(0) = p and p'(0) = Z. 
The connection map JCp : TpT*M ^T*M is the following application; 

lCp{Z) ;=^p(0)=V..(0)e(0), 

where ^p(t) is the covariant derivative of p(t) along the curve x(t). One can verify that 
this quantity depends only on the initial velocity Z of the curve (and not on the curve 
itself) and the map is linear. The horizontal space is given by the kernel of this linear 
application, i.e. 

Hp := Ker(/Cp) C TpT*M. 

There exists a natural vector bundle isomorphism between the pullback bundle 7r*(TM © 
T*M) —)■ T*M and the canonical bundle TT*M T*M. The restriction of this isomor¬ 
phism on the hbers above p G T*M is given by 

e{p) : TpT*M ^ Z ^ {y,p) := (d,7r(Z),/C,(Z)). 

These coordinates (p, p) will allow us to express easily the different structures on T*M. 
For instance, the Hamiltonian vector held X associated to po {i.e. the generator of the 
geodesic how) satishes 9{p)X{p) = (7r(p)**,0). 

C.3. Symplectic structure on T*M. Recall that the canonical contact form on T*M is 
given by the following expression: 

Vp = (a;,0 e T*M, VZ G T,T*M, = adp^Z))- 

The canonical symplectic form on T*M can then be dehned as H = da. Using our natural 
isomorphism, this symplectic form can be written as 

VZi ^ {yi,pi) G TpT*M, VZ2 = (1/2,1/2) e TpT*M, Hp(Zi, Z2) = 171(1/2) - V2{yi)- 

C.4. Almost complex structure on T*M. One can dehne the following map from 

TxM ®T*M to itself: 

Jx{y,p) = {p\-y^). 

This map induces an almost complex structure on TpT*M through the isomorphism 0{p). 
We denote this almost complex structure by Jp. 

C.5. Riemannian metric on T*M. The Sasaki metric on T*M is then dehned as 

^p(^i,^2) := gl{Xp{Zi),Xp{Z2)) + gx{dp7r{Zi),dp7r{Z2)). 

This is a positive dehnite bilinear form on TpT*M. The important point is that this metric 
is compatible with the symplectic structure on T*M through the almost complex structure. 
Precisely, one has, for every {Zi, Z 2 ) G TpT*M x TpT*M, 

9p{Zi-, Z 2 ) = Op(Zi, JpZ2). 

In fact, using the natural isomorphism, one has 

Op(Zi, JpZs) = Pi{pl) + y\{yi) = gl{vari2) + gx{yuy2)- 
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C.6. A natural frame on T*M. In the case M is an oriented snrface, one can introduce 
a “natural basis” on TpT*M as follows. Thanks to the fact that the manifold M is oriented 
with a Riemannian structure, one can dehne a notion of rotation by 7r/2 in every cotangent 
space T*M (which is of dimension 2). Thus, given any ^ G T*M\{0} there exists a unique 
such that is a direct orthogonal basis with ||^||a; = We use this to dehne 

an orthogonal basis of Vp for p G T*M: 

Yoip) := (0(p))-' (0,0, and U{p) = (0(p))-' (0,^^). 

Then, we can dehne an orthogonal basis of Up as follows 

^o(p) = JpYo{p), and W{p) = JpU{p). 

Note that Xq is the geodesic vector held and that the family {Xo(p), lT(p), yo(p), f^(p)} 
forms a direct orthogonal basis of TpT*M. 
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